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A KINEMATICAL PROPERTY OF RULED SURFACES.* 

By J. K. Whittemoee. 

Let S be any ruled surface, not developable, with real rulings, C a 
real curve of <S, not a straight line, intersecting all rulings considered, and 
g any such ruling; let the coordinates of a point of C be x , yo, Zo', suppose 
C rectifiable and let its arc be v; suppose C has at every point a definite 
principal trihedral, and let a, /3, y be the direction cosines of the tangent, 
I, m, n those of the principal normal, X, p., v those of the binormal; let R 
and T be the radii of curvature and torsion respectively; let \j/ be the angle 
made by the direction chosen as positive on g with the osculating plane 
of C measured towards the positive binormal, <p the angle of the plane of 
g and the binormal measured from the rectifying plane towards the normal 
plane. (If g coincides with the binormal <p is not determined.) The 
surface S is given by 

(1) x = Xo + uL, L = a cos \p cos <p + I cos yp sin <p + X sin \p, 

with similar equations for y and z, where u is the length measured on g 
from C in the positive direction. Supposing ^ and <p to have finite first 
derivatives with respect to v the linear element of S is given by 

ds 2 = (du + cos yp cos <pdv) 2 + { cos 2 ^ sin 2 <p + sin 2 ^ — 2w[sin ^ cos <pip' 

(2) + cos $ sin <p(<p' + 1/R)] + u 2 [((sin <p)/T - V) 2 

+ (cos^{*/ + 1/22} + (sin ^ cos <p)/R) 2 ]}dv 2 . 

The coefficient of u 2 in (2) does not vanish identically since S is not de- 
velopable.! The linear element of a ruled surface may be given the formf 

(3) ds 2 = dii! 2 + [(mi - a) 2 + b 2 ]^ 2 , 

where the curves (vi), that is Vi constant, are the rulings, «i is the length 
measured on a ruling from the orthogonal trajectory, Mi = 0; the func- 
tion a, depending on vi alone, is the distance from this trajectory to the 
central point of the ruling (vi), so that the equation of the line of striction 
<r is Mi = a, and b also depending on Vi alone is the parameter of distri- 
bution. 



* Presented to the American Mathematical Society, April 28, 1917. 
t Darboux, Theorie des surfaces, vol. 3, p. 294. 
X Darboux, vol. 1, 2d ed., p. 122. 
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Comparing (2) and (3) it is evident that the necessary and sufficient 
condition that C be <r is 

(4) sin \p cos <p4>' + cos \p sin <p(<p' + 1/R) = 0. 
The parameter of distribution of S is* 

(5) b = - | Xo'MN' | /ZZ/ 2 , 

where L, M, N are the coefficients of u in (1), and the numerator of the 
second member is a determinant of which we have written the principal 
diagonal. If C is a and is not a geodesic of S, so that <p 4= 0, (5) gives, 
using (4), 

l l y 



(6) 



b T sin <p' 



Supposing now that C is the line of striction a of a ruled surface S, 
and that C is not a geodesic of *S, let £, rj, f be the coordinates of any point 
of the ruling g referred to the principal trihedral of C, and referred also 
to axes fixed in space and coincident with the principal trihedral; let d 
and 5 be differentials referring to the moving and fixed axes respectively. 
We havef 

*i = *4.i_i. ^ = *? _4_ A _l I 5 l = d£_i. 

dv dv^ B' dv dv^R^T' dv dv T' 

£ = u cos \p cos ip, rj = u cos yp sin <p, f = u sin \f/. 

From these equations 

5£ 

-T- = 1 — u[sin \p cos <pip' + cos \p sin <p(<p' + 1/R)]. 

077 

-7- = w[sin $(1/T — sin <pyp r ) + cos yp cos <p(<p f + 1/R)], 

j- = - u cos ^((sin p)/T - \f/'). 
We find from the preceding equations 

?7-r + f j- = w 2 cos i/' cos *?[sin \p cos ^' + cos \p sin <p(<p' + 1/R)], 



5r> 5f „ T cos 2 \p sin 2 ^ + sin 2 \p . ,, 



* Darboux, vol. 3, p. 302. 

t Eisenhart, Differential Geometry, p. 32. 
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+ sin \p cos \p cos pL'+p) I = u 2 \ (cos 2 yp sin 2 <p 

i • 2 ,\f 1 V \ , sin ^ cos i^/ . 

+ sin 2 f ) { 7F • H = ( sin \p cos ^ 

rj \T sm<pj sinp \ y ^ Y 

+ cos ^ sin <p \<p' + ^ 1 J . 
Using (4) and (6) these give* 

m ^-i si, Jf n ,^ «r »? 2 + r 2 

(7) dv~ h r 'd~v + ?d~v- ' r ^ _ "^-~T"- 

Equations (7) hold in the case, excluded from the preceding discussion, 
where a is a curved geodesic of S, and also with the proper modifications in 
the definitions of the coordinates where <s is a straight line. 

From (7) follows 

Theorem I. Every ruled surface S may be generated by a radius fixed 
in a sphere whose center moves with unit velocity along the line of striction 
and which turns about the tangent to this curve from the binomial towards the 
principal normal with angular velocity equal to the reciprocal of the parameter 
of distribution. 

There follow two corollaries : 

// two ruled surfaces have the same line of striction and equal parameters 
of distribution their rulings intersect on the line of striction at a constant angle. 
If a sphere moves so that it always rotates about the tangent to the locus of its 
center every radius fixed in the sphere generates a ruled surface whose line 
of striction is the locas of the center; all such surfaces have the same parameter 
of distribution. 

From (6), if a is not a geodesic of S, follows 

Theorem II. A necessary and sufficient condition that the parameter of 
distribution of a ruled surface S be equal to the radius of torsion of the line 
of striction at the corresponding point is that the ruling form a constant angle 
with the binormal of the line of striction at the point of intersection. 

The case where the line of striction is a geodesic is included in Theorem 
II, for it may be shown that in this case the parameter of distribution is 
equal to the radius of torsion of the line of striction when and only when 
the ruling coincides with the binormal. 

From (4) it follows if \f/' = 0, sin <p 4= and S is not a binormal sur- 
face (i. e., cos \[/ 4= 0), that for all ruled surfaces S, such that b — T on <r, 
except binormal surfaces, 

(8) y = 0, <p' + 1/R = 0. 

Such a surface we call a T surface. From Theorem I it follows that the 

* Equations (7) follow from equations given by Cesaro, Geometria intrinseca, pp. 134, 135. 
Cesaro makes no application similar to that here given. 
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osculating plane of a is fixed in the generating sphere of S, and conversely, 
that if the osculating plane of <r is fixed in the sphere S is a T surface or a 
binormal surface. A T surface is uniquely determined by choosing any 
curve C as <r, and any line intersecting C, not a binormal, as a ruling. 

We consider deformations connected with T surfaces, proving that 
any ruled surface S, on which a is not a geodesic, is applicable with corre- 
spondence of rulings to a T surface, and that a T surface, if ^ 4= 0, may be 
continuously deformed while remaining a T surface. For any surface S, 
on which a is not a geodesic, we have from (2) and (4) 

ds 2 = (du + cos \p cos <pdv) 2 

+ (cos 2 ^sin 2 v + sin 2 V) [l + u 2 ( j, - J^- J J dv 2 . 
Using subscripts for a T surface Si, 
dsi 2 = (du + cos fa cos <pidv) 2 + (cos 2 fa sin 2 <pi + sin 2 ^i) ( 1 + qn ) 

For applicability of S and Si the lines of striction must correspond. Ne- 
cessary and sufficient conditions for applicability are 

1 / 1 fa \ 2 
(9) cos fa cos <pi = cos $ cos <p, yfj = I -f ~ sirT^ ) > 

with ipi — (pi + 1/Ri = 0, and (4) holding for S. By differentiating the 
first of (9), we find on reduction by means of (4) 

cos \[/i sin <pi _ cos \p sin <p 
Ri R 

If S is given, Si may be determined to satisfy these conditions as follows : 
i^i may be chosen arbitrarily subject to the condition, | cos <pi \ = | cos ty 
cos <p sec fa | S 1. If we consider the deformation of a given part of S 
it is clear that the numerical value of ^i is at most equal to the smallest 
numerical value of the angle of the ruling and the tangent to a on that 
part of S considered; if this value is zero the only possible choice is \pi = 0, 
and (ri is an asymptotic line of S\. When fa is chosen, cos <pi is determined, 
then the sign of sin <p x , hence <pi and the positive Ri. The torsion of <ry 
is determined except as to sign, but if the deformation of S into Si is 
continuous this sign is also fixed. Then ai and <pi and consequently Si are 
determined by the choice of fa except for the sign of Ti in non-continuous 
deformation. The statements made concerning the continuous defor- 
mation of a T surface while remaining a T surface follow from the pre- 
ceding discussion. It is obvious that the lines of striction of all T surfaces 
applicable to a given surface S have the same torsion numerically at cor- 
responding points. If the parameter of distribution of S is constant the 
line of striction of an applicable T surface is a curve of constant torsion. 

Yale University, 1918. 



